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Abstract— Frequency estimation is essential for analyzing and
controlling mechanical vibrations. Presently, the most popular
method for dominant frequency estimation is the FFT (fast
Fourier transform). However, this method requires several
cycles of a signal and a longer time when estimating with lowfrequency signals. Recently, a novel method, which uses a
distribution technique called FED (frequency estimation by
distribution) was proposed [1]. It is faster and offers a higher
precision than the conventional methods. The method estimates
the target frequency by using 21 to 30 sampled values without
considering the sampling frequency. To use the FED, it is
necessary to set some parameters in advance; however, the
guidelines for the configuration of parameters are not clear. Thus,
we focused on an optimization method for the FED parameters
by using a meta-heuristic technique called particle swarm
optimization. Furthermore, we demonstrated its applicability
through several simulations.

d𝑛 𝜙(𝑡)
= 0 (𝑛 ∈ ℤ≥0 )
𝑡→±∞ d𝑡 𝑛

II. FREQUENCY ESTIMATION BY DISTRIBUTION
A. Introducing the Gaussian function
Here, an outline of the FED method is described. We
considered a periodic signal as follows:
(1)

(4)

lim

From the above equation, we obtain
d𝑓 (𝑡)
𝜙(𝑡)d𝑡
−∞ d𝑡

∫

Frequency estimation is essential for analyzing and
controlling mechanical vibrations. It is an important
technology, applicable to numerous fields, for example,
aerospace, medical, construction, and machinery. Currently,
the most popular method of dominant frequency estimation is
the FFT (fast Fourier transform). However, this method
requires several cycles of a signal and a longer time when
estimating with low-frequency signals. Moreover, signal
adjustments are usually required to be made. Recently, a novel
method, which uses a distribution technique called FED
(frequency estimation by distribution) has been proposed; it is
faster and offers a higher precision than the conventional
methods. The method estimates the target frequency by using
21 to 30 sampled values without considering the sampling
frequency. To use the FED, it is necessary to set some
parameters in advance; however, the guidelines for the
configuration are not clear. Thus, we focused on an
optimization method for the FED parameters by using a metaheuristic method called PSO (particle swarm optimization).
Furthermore, we demonstrated its applicability through several
simulations.

(2)

However, it is difficult to calculate the value of 𝑥̈ (𝑡) with high
accuracy because discrete sensor signals are processed in
actual problems. Thus, we introduce a parameter estimation
method, which uses a distribution function. An estimation
target function and a distribution function are represented by
𝑓(𝑡) and 𝜙(𝑡), respectively. The distribution function is a 𝐶 ∞
class function and has a compact support. The function
satisfies following equation.

∞

I. INTRODUCTION

𝑥(𝑡) = 𝑋0 cos(𝜔𝑡 − 𝜃)

𝑥̈ (𝑡) + 𝜔2 𝑥(𝑡) = 0

∞

= [𝑓(𝑡)𝜙(𝑡)]∞
−∞ − ∫−∞ 𝑓(𝑡)
∞
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Moreover, the following equation is deduced from the above
equations.
∞

∞
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d𝑛 𝜙 (𝑡 )
𝑛∫
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∫

(5)

This equation implies that the derivative of 𝑓(𝑡) can be
represented using the derivative of 𝜙(𝑡).
Here, we consider the differential equation Eqn. (1). If we
multiply both members by 𝜙(𝑡) and integrate them, the
following equation is obtained.
∞

∞

∫ 𝑥̈ (𝑡)𝜙(𝑡)d𝑡 + 𝜔2 ∫ 𝑥(𝑡)𝜙(𝑡)d𝑡 = 0
−∞

(6)

−∞

Then, the following equation is obtained upon referring to Eqn.
(5).
∞

∞

∫ 𝑥(𝑡)𝜙̈(𝑡)d𝑡 + 𝜔2 ∫ 𝑥(𝑡)𝜙(𝑡)d𝑡 = 0
−∞

(7)

−∞

This equation may be transformed to give
∞

where 𝑋0 is the amplitude, 𝜔 is the frequency, and 𝜃 is the
delayed phase. The frequency can be calculated:
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(8)

The support of a Gaussian function is compact; hence, we can
use it as a distribution function. Such a Gaussian function is
represented as follows:
1
(𝑡 − 𝜇)2
(9)
𝜙(𝑡) =
exp {−
}
√2𝜋𝜎 2
√2𝜎 2
where 𝜇 is the mean value and 𝜎 2 is the variance. The
derivatives of this function are represented as follows:
𝑡−𝜇
𝜙̇(𝑡) = − 2 𝜙(𝑡)
𝜎
𝜙̈ (𝑡) =

(𝑡 − 𝜇)2 − 𝜎 2
𝜙(𝑡)
𝜎4

(10)

(11)

Thus, the value of 𝜎 2 in Eqn. (8) can be calculated using
Eqns. (9) and (11).
B. Discretization
We have to consider measurement sampling in actual
applications. Here, let 𝑁 be the number of samplings, 𝑇𝑠 be the
sampling interval, 𝑘 = 𝑁𝑇𝑠 be the discrete time, and 𝑇0 be the
starting time for any round of measurements. We set the mean
value of a Gaussian function to be used as a distribution
function 𝜇 = 𝑁𝑇𝑠 /2 , and we set the value of 𝜎 2 with a
following limitation by a small number ϵ ∈ ℝ≥0
0 < |𝜙(𝑇0 )| = |𝜙(𝑇0 + 𝑁𝑇𝑠 )| ≪ 𝜖

(12)

The following approximation was found suitable for actual
applications.
∞

𝑇0 +2𝜇

∫ 𝑥(𝑡)𝜙(𝑡)d𝑡 ≅ ∫
−∞

𝑥(𝑡)𝜙(𝑡)d𝑡

(13)

𝑇0

Next, we considered the calculation of Eqn. (8) in a discrete
time window [𝑇0 , 𝑇0 + 𝑁𝑇𝑠 ] because the signal 𝑥(𝑡) is
measured as a discrete signal 𝑥(𝑘𝑇𝑠 ). Then, Eqn. (13) can be
approximated by the sectional measurement method as
follows:
𝑁

𝑇0 +2𝜇

∫

𝑥(𝑡)𝜙(𝑡)d𝑡 ≅ ∑ 𝑥(𝑇0 + 𝑘𝑇𝑠 )𝜙(𝑇0 + 𝑁𝑇𝑠 )𝑇𝑠

𝑇0

𝑘=0

From the relations mentioned above, Eqn. (8) can be
represented as follows:
𝜔2 ≅ −

̈
∑𝑁
𝑘=0 𝑥(𝑇0 + 𝑘𝑇𝑠 )𝜙(𝑇0 + 𝑁𝑇𝑠 )
𝑁
∑𝑘=0 𝑥(𝑇0 + 𝑘𝑇𝑠 )𝜙(𝑇0 + 𝑁𝑇𝑠 )

(14)

If the ideal calculation error is not taken into consideration, the
estimation result does not change with respect to the value of
𝜃 in Eqn. (1). Thus, the value 𝑇0 ≥ 0 can be arbitrarily set, and
the following equations hold

𝜔2

̈
∑𝑁
𝑛=0 𝑥(𝑇0 + 𝑛𝑇𝑠 )𝜙(𝑇0 + 𝑛𝑇𝑠 )
∑𝑁
𝑛=0 𝑥(𝑇0 + 𝑛𝑇𝑠 )𝜙(𝑇0 + 𝑛𝑇𝑠 )
̈
∑𝑁
𝑛=0 𝑥(𝑇0 + 𝑛𝑇𝑠 )𝜙(𝑛𝑇𝑠 )
≅− 𝑁
∑𝑛=0 𝑥(𝑇0 + 𝑛𝑇𝑠 )𝜙(𝑛𝑇𝑠 )
̈
∑𝑁
𝑛=0 𝑥(𝑛𝑇𝑠 )𝜙(𝑛𝑇𝑠 )
≅− 𝑁
∑𝑛=0 𝑥(𝑛𝑇𝑠 )𝜙(𝑛𝑇𝑠 )
≅−

(15)

The values 𝜙(𝑡) and 𝜙̈ (𝑡) do not need to be time updated;
their initial values at time [0, 𝑁𝑇𝑠 ] can be used at all times.
𝜔2

≅−

≅−

(𝑛𝑇𝑠 − 𝜇)2 (𝑛𝑇𝑠 − 𝜇)2 − 𝜎 2
}
2𝜎 2
𝜎4
(𝑛𝑇𝑠 − 𝜇)2
𝑁
∑𝑁
}
𝑛=0 ∑𝑛=0 𝑥(𝑇0 + 𝑛𝑇𝑠 ) exp {−
2𝜎 2

∑𝑁
𝑛=0 𝑥(𝑇0 + 𝑛𝑇𝑠 ) exp {−

∑𝑁
𝑛=0 𝑥𝑛 𝑝𝑛 𝑞𝑛

(16)

∑𝑁
𝑛=0 𝑥𝑛 𝑝𝑛

Moreover, by reduction of the constant component, the above
equation could be expressed as follows:
𝑥𝑛

≜ 𝑥(𝑇0 + 𝑛𝑇𝑠 )

𝑝𝑛

≜ exp {−

𝑞𝑛

(𝑛𝑇𝑠 − 𝜇)2
}
2𝜎 2
(𝑛𝑇𝑠 − 𝜇)2 − 𝜎 2
≜
𝜎4

If the target frequency changes, the vector 𝒙 ≜
[𝑥0 … 𝑥𝑛 … 𝑥𝑁 ]𝑇 is updated by shifting 𝑇0 according to the
time evolution. Here, the estimation of 𝜔 cannot be executed
until the matrix 𝒙 is completely filled, i.e., the estimation is
executed after time 𝑁𝑇𝑠 . In actual cases, the value of 𝑇𝑠
depends on the measuring sensors and cannot change.
Therefore, in this method, the values of 𝑁 and 𝜎 have to be
selected.
III. PARAMETER OPTIMIZATION BY OPSO
A. Target Parameters
The optimal value of the abovementioned parameter 𝜎
changes according to the frequency of the target signal.
Moreover, a reduction in the number of data points 𝑁 is
required for fast calculation. The changing values of these
parameters interfere with each other, their optimum values
change in accordance with the sampling period, and hence, it
is difficult to obtain the optimum values of these parameters
analytically. Therefore, in this research, we optimized the
parameters online by using a meta-heuristic method called the
OPSO (Online PSO) algorithm. This method is applicable by
considering time variation of the parameters. The 𝑚 -th
particle has two parameters: the first one is the size of the time
window for the data and the second is the distribution:
(𝑚)

𝒛𝑘

(𝑚)

≜ [𝑁𝑘

(𝑚) 𝑇

, 𝜎𝑘 ]

(17)

Moreover, the estimation evaluation parameter is defined as
follows:

𝑘
(𝑚)

𝑒𝑘

= min

(𝑚)

∑

2

{cos (𝜔𝑘 𝑛𝑇𝑠 − 𝜃) − 𝑥(𝑛𝑇𝑠 )}

(18)

Step 5 The algorithm returns to Step 1 with 𝑘 = 𝑘 + 1

(𝑚)

𝑛=𝑘−𝑁𝑘

For the procedure outlined in steps 1 and 3 (described below),
we use a cost function defined as follows:
( )
( )
(𝑚)
(19)
𝑓𝑘 (𝒛𝑘𝑚 ) = (1 − 𝛼 )𝑒𝑘𝑚 − 𝛼𝑁𝑘
where 𝛼 ∈ ℝ and 0 ≤ 𝛼 ≤ 1. Moreover, 𝜔𝑘(𝑚) is the estimated
angular frequency that is based on 𝒛(𝑚)
𝑘 . The cost function
implies that by using the parameters of the particle 𝒛𝑖 , the value
of the cost function decreases when the estimation error is
small and the number of datapoints is smaller.

B. OPSO
The PSO [2] is a meta-heuristic method in which solutions
are obtained by moving numerous search points, called
particles, over the search space based on the past action history
and the dynamically adjusted velocity. Consider the
optimization of the following function 𝑓: ℝ𝑙 → ℝ.
min 𝑓(𝒛) ≥ 0
(20)
𝒛
We adopt the OPSO algorithm [3] wherein a time-varying
evaluation function 𝑓𝑘 (∙) is used to explicitly express
environmental changes. The position and velocity of particles
(𝑚)
in the search space are denoted by 𝒛(𝑚)
∈ ℝ𝑙 and 𝒗𝑘 ∈ ℝ𝑙 ,
𝑘
respectively. Here 𝑚 = [1, 𝑀] ∈ ℕ+ is the number of the
particle, and 𝑘 = 1,2, … , is a discrete point in time. These are
updated as follows.
Given ω, 𝑐1 , 𝑐2 are specified, 𝒛0(𝑚) and 𝒗(𝑚)
are set using
0
uniform random numbers. The algorithm starts from
Step1 1 at 𝑘 = 1.
Step 1 The optimal solutions for every particle at the
(𝑚)
previous instant 𝒛̂𝑘−1 are re-evaluated at the current
instant and the lowest value is found using
(𝑚)
𝑔
(21)
𝒛̃𝑘 = arg min {𝑓𝑘 (𝒛̂𝑘−1 )}
Step 2 The velocity and position of every particle are
updated.
(𝑚)
(𝑚)
(𝑚)
(𝑚)
𝒗𝑘 = η𝒗𝑘−1 + 𝑐1 𝑟1 (𝒛̂𝑘−1 − 𝒛𝑘−1 )
𝑔
(𝑚)
+𝑐2 𝑟2 (𝒛̃𝑘−1 − 𝒛𝑘−1 )
(𝑚)
(𝑚)
(𝑚)
𝒛𝑘 = 𝒛𝑘−1 + 𝒗𝑘
Step 3 The position of every particle producing the lowest
fitness value is saved together with the value of
(𝑚)
𝑓𝑘 (𝒛̂𝑘 )
(𝑚)

(𝑚)

𝒛̂𝑘

={

𝒛𝑘

C. Region of Investigation
Here, the search ranges of the values of 𝑁 and 𝜎 are described.
The value of 𝑁 is required to be higher than 21; the upper limit
of which is not set. Both ends of the discretely approximated
test function are required to tend towards 0, and thus, the value
of the variance is set as follows:
𝑁𝑇𝑠
(22)
3.3𝜎 ≤
2
The relationship between the test function and the variance is
shown in Fig. 1.
IV. SIMULATION
A. Target Signal and Parameters Setting
The following target signal is used for evaluating the
proposed method.
𝑥 (𝑡 ) = {

cos 5𝜋𝑘𝑇𝑠
(if 𝑡 ≤ 0.2 [s])
− cos 20𝜋𝑘𝑇𝑠 (otherwise)

Here, 𝑇𝑠 = 0.001 [s] and its time evolution is shown in Fig. 2.
The angular frequency is estimated by the FED and the values
of 𝑁 and 𝜎, given by OPSO, are optimized. Here, the number
of particles for OPSO is set as 100, the value of the parameter
α = 0.001 is shown in III-A, and the parameters of OPSO are
set as η = 0.4, 𝑐1 = 9, and 𝑐2 = 1. At the initial time, the
particles were distributed at random 𝑁 ∈ [21, 100] and 𝜎 ∈
(0, 0.015].
B. Results
The time evolution of the particle distribution and the global
best particle are shown in Fig. 3. At time 𝑘 = 50, as shown in
Fig. 3(a), the particles were distributed in the search region,
and the global best was not arrived at in correspondence to the
best solution. At time 𝑘 = 200 and 𝑘 = 400, as shown in Fig.
3(b) and (c), the distribution of particles converged and the
global best was approximately the best solution. The time
evolution of the searched values of 𝑁 and 𝜎 by OPSO is
shown in Fig. 4. The values increased until 0.15 [s] with
fluctuations. After a change in the angular frequency at 𝑡 =
0.2 [s], the values almost converged after 0.3 [s]. The
searched value of 𝑁 decreased slightly after 0.2 [s]. The cause
of this reduction is that it was better even with a small value

(𝑚)
(𝑚)
(if 𝑓𝑘 (𝒛𝑘 ) < 𝑓𝑘 (𝒛̂𝑘−1 ))

(𝑚)

𝒛̂𝑘−1 (otherwise)

Step 4 The best solution in the entire swarm is found:
𝑔
(𝑚)
𝒛̂𝑘 = arg min {𝑓𝑘 (𝒛̂𝑘 )}
This is taken as the OPSO estimate at time 𝑘.

Fig. 1.

Test function and search space for 𝜎.

Fig. 2 Target signal with angular frequency change at 0.2 [s].
Fig.4 Time evolution of the derived 𝑁 and 𝜎.

(a) 𝑘 = 50
Fig. 5

Time evolution of the value of cost function and the estimated
error using calculated values of 𝑁 and 𝜎.

relative estimation error was maintained under 0.033% by
using the parameters obtained from the OPSO.
V. CONCLUSION

(b) 𝑘 = 200

In this paper, we first described the outline of the FED, and
explained that this method has a certain degree of freedom in
the method of determining two parameters: 𝑁 and 𝜎. Next, we
proposed a method to adjust these values adaptively by using
the OPSO algorithm for a time-varying signal. The estimation
accuracy and the calculation time of the FED are optimized by
the proposed method. Moreover, it was found from the results
of the numerical simulation that high estimation accuracies
could be obtained by using optimized parameters. In future
work, we will implement the proposed method into an actual
system to verify its validity.
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